In homonuclear molecules, such as H 2 , the electric dipole transitions are strongly forbidden, and the transitions between rovibrational states are of the electric quadrupole type. We show however, that magnetic dipole transitions also take place, although are significantly weaker. We evaluate the probabilities of such transitions between several lowest rotational states and compare them with those of the corresponding electric quadrupole transitions.
I. INTRODUCTION
The rotating hydrogen molecule although neutral, has a nonvanishing magnetic moment µ, that comes from the nuclear and the electronic rotational angular momentum. For a molecule in the Σ electronic state, the expectation value of the electronic angular momentum vanishes and the electronic magnetic moment comes from the nonadiabatic effect [1, 2] , the coupling of the electron to the nuclear motion. In the approximate but still quite accurate treatment, one can associate a value of the rotational magnetic moment with each distance R between the protons. The average in a rovibrational state gives the total rotational magnetic moment. The appropriate formula has been first derived by Wick [3, 4] , and confirmed experimentally by Ramsey et al. [5] [6] [7] [8] [9] .
Since the matrix elements of the R-dependent rotational magnetic moment between different vibrational states do not vanish, the magnetic dipole transitions are allowed, although only between states of the same rotational quantum number J. ∆J = 1 transitions are strictly forbidden due to parity. The magnetic dipole transitions occur at the same wavelength as the electric quadrupole ones, thus their existence for the unpolarized sample of H 2 molecules, can be observed by the increased total transition intensities. Since the final quantum states corresponding to E2 and M1 transitions are orthogonal to each other, namely the photon states have different angular momentum, the total rate is a sum of the individual M1 and E2 rates.
In this work we employ the known formulae for the magnetic dipole moment to perform numerical calculations and verify them with the experimental values of Ramsey et al. [5] [6] [7] [8] [9] . Having checked correctness of the magnetic dipole moment as a function of the internuclear distance we perform numerical calculations of the magnetic dipole transition rates, which is our main goal. For low values of J these rates happen to be much smaller in comparison to the electric quadrupole ones, but increase quickly with J to become dominant for highly excited rotational states.
II. THE ADIABATIC APPROXIMATION
The total wave function φ is the solution of the stationary Schrödinger equation
with the Hamiltonian
split into the electronic and nuclear parts. In the electronic Hamiltonian H el
the potential V includes all the Coulomb interactions with fixed positions R X of nuclei. The nuclear Hamiltonian involves kinetic energies of the nuclei
For a diatomic molecule in the space-fixed reference frame attached to the geometrical center of the two nuclei, H n takes the form
where R = R A − R B , ∇ el = 1/2 a ∇ a , and 1/m n = 1/M A + 1/M B is the nuclear reduced mass.
In the adiabatic approximation the total wave function φ a is a product of the electronic and the nuclear wave functions
the former obeying the clamped nuclei electronic Schrödinger equation,
the latter being a solution to the nuclear Schrödinger equation in the effective potential generated by electrons
where the adiabatic correction to the BO potential
III. ROTATIONAL MAGNETIC MOMENT
The rotational magnetic moment of a molecule in a state with the rotational quantum number
where g is the rotational g-factor and µ N = eh/(2m p ) is the nuclear magneton. In the leading order of the nonadiabatic perturbation theory, as in the adiabatic approximation, the g-factor is a function of the internuclear distance R. If we locate the origin of the molecule-fixed axis system in the geometrical center of the two nuclei, we can express the rotational g-factor of a diatomic molecule with equal nuclear charges as (see Eq. (98) of [2] )
where the integration goes over the electronic coordinates and where J el is the electronic component of the total angular momentum J. The second term in parenthesis equals to 4 m 2 n W ⊥ (R) using the previously defined and evaluated function W ⊥ [10, 11] . On the other hand it is also equal to 4 χ p ⊥ (R)/R 2 in terms of the paramagnetic susceptibility function [3, 4, 6] .
To obtain the rotational magnetic moment for a given rovibrational level (v, J) we evaluate the expectation value (in units of µ N )
with the nuclear wave functions χ vJ , which are solutions to the radial nuclear equation (8) . To obtain magnetic dipole transition rates we evaluate the off-diagonal matrix elements
between the states of the same, nonvanishing angular momentum (otherwise the matrix element of the magnetic dipole operator in Eq. (9) vanishes), whereas the probability of the M1 transition is given (in units of s −1 ) by
where function computed for H 2 are listed in Table I . To obtain analogous results for other isotopomers it is sufficient to rescale the data by pertinent nuclear reduced mass ratio, e.g.
for D 2 or m n (H 2 )/m n (HD) for HD. For R → ∞, the second term in Eq. (10) goes to −1 and g(∞) vanishes regardless of the nuclear masses. At the R = 0 limit, the expression in parentheses equals to 1 so that g(0) = m p /(2m n ) and, via m n , changes from one isotopomer to another. In evaluation of the nuclear reduced masses we used m p = 1836.15267247 m e and 3670.4829654 m e as the deuteron mass [12] .
The rotational magnetic moment of H 2 , HD, and D 2 in their lowest rovibrational states has been determined experimentally by Ramsey and coworkers [5] [6] [7] [8] [9] . Several older and less precise experiments have also been reported [5, 6] but were omitted in the discussion here. For comparison with the outcome of the present work, shown in Table II , only the most accurate measurements were selected. The relative accuracy of the measurements is an order of magnitude higher then those of the computations. We estimate the relative accuracy of our theoretical results as equal to m e /m n . This error results from dropping higher order nonadiabatic terms. We also estimate that the omitted relativistic corrections to µ are even an order of magnitude smaller. Within this error estimation we note a very good agreement with the measurements.
Calculations of the rotational magnetic moment of the hydrogen molecule have already been
performed by Rychlewski and Raynes [13] , who employed Kołos-Wolniewicz wave functions to evaluate the magnetic susceptibility to a high accuracy. Using the connection between the perpendicular component of the paramagnetic susceptibility χ p ⊥ and the electronic part of the gfactor they evaluated the rotational g-factor for several rovibrational levels. The difference between their results and ours appears at most on the fourth significant figure. One should also mention some older calculations of the rotational magnetic moment, which were performed merely at the equilibrium internuclear distance and yielded an accuracy of about 10% [14] . Several other earlier attempts have also been reported in [15] .
B. Magnetic dipole transitions
To our knowledge, the rotational magnetic dipole transitions in H 2 have not been studied yet.
The main purpose of this paper is to report on the theoretical predictions of the transition intensities expressed through their probabilities A M1 J of Eq. (13) . The accuracy of the g(R) function, employed to evaluate the transition moment (12) , has been verified in the previous section against experimental and other theoretical data. We further assume that the uncertainties assigned to µ can be transferred directly to T J . The energy separations ∆E J were taken from our previous computations on H 2 [11, 16] and take into account all the adiabatic (∼ m
2 ) and radiative (∼ α 3 and α 4 ) effects. Also the radial nuclear functions χ vJ were obtained by solving the nonadiabatic version of Eq. (8) [11] . High accuracy of ∆E J obtained with this procedure have been proven in confrontation with the measured values. For instance, the theoretically predicted lowest ortho-para separation in the v = 0 state of H 2 amounts to 118.486 80(11) cm −1 [16] , which agrees up to 0.000 04 cm −1 with the experiment [17] . We therefore assume that T J is the only source of uncertainty in A
M1
J . Table III For this purpose we evaluated the probability A
E2
J of the E2 transition between the same rovibrational levels as for the M1 transition. The probability is given by the following formula
with T 
